Abstract: Design charts for seismic pressures against rigid walls subjected to horizontal earthquake shaking are presented for both uniform and nonuniform backfills. Solutions are based on a simplified model of soil response which gives results that agree almost exactly with rigorous solutions. Peak seismic thrusts are presented for three different soil profiles. For each profile, 250 combinations of ground accelerations and distributions of soil shear moduli with depth are analysed to provide data points of peak seismic thrust ratios for the construction of design envelopes. The seismic thrust ratios for design are presented as a function of the ratio of the predominant frequency of the earthquake motion and the fundamental frequency of the wall-soil system. An approximate method is given for evaluating the latter frequency without a full analysis.
Introduction
The Mononobe-Okabe method (Mononobe and Matsuo 1929; Okabe 1926 ) is commonly used to determine the magnitude and distribution of seismic pressure on a retaining wall. It is a modification of Coulomb's classic earth pressure theory which takes into account the inertia forces on a potential sliding wedge caused by earthquake accelerations. A detailed evaluation of the Mononobe-Okabe method has been reported by Seed and Whitman (1970) . One of the basic requirements of the Mononobe-Okabe method is that the wall should move sufficiently to create a limit-equilibrium state in the backfill. This condition is not satisfied by rigid walls.
Several researchers have used elastic wave theory to derive seismic soil pressure against a rigid wall. Matsuo and Ohara (1960) obtained an approximate elastic solution using a two-dimensional analytical model. They simplified the problem by assuming zero vertical displacement (v = 0) in the soil mass. This simplification leads to infinitely large wall pressure when Poisson's ratio of the soil, µ, is equal to 0.5, as in a fully saturated undrained backfill. Scott (1973) used a one-dimensional elastic shear beam connected to the wall by Winkler springs to model the seismic effects of the backfill. A study by Veletsos and Younan (1994) concluded that Scott's model does not adequately describe the response of the system and may lead to large errors. Wood (1973) provided analytical solutions for the response of a rigid wall retaining elastic uniform soil backfill of finite length subjected to harmonic base excitation. However, Wood's solution is mathematically complicated to apply in engineering practice and is limited to harmonic input motions. Wood (1973) suggested an approximate static solution that gave very good estimates of the peak seismic thrust for harmonic excitation when dynamic amplification effects in the wall-soil system were negligible. He found dynamic amplification to be negligible when the frequency ratio Ω = f/f s is less than about 0.5, where f is the frequency of harmonic motion, and f s = V s /4H is the cyclic frequency of the first shear mode of the backfill considered as a semi-infinite layer of depth H, with shear wave velocity, V s .
In the cases of a wide backfill and a peak horizontal acceleration A max , the lateral seismic force F sr against the wall when Ω < 0.5 is given approximately for µ = 0.4 by acting at a height of about 0.63H above the back of the wall, where γ is the unit weight, and k h is the horizontal seismic coefficient. This solution by Wood (1973) is often used in practice because of its simplicity. Arias et al. (1981) modelled the elastic backfill using a modification of the conventional shear beam model which included horizontal normal stresses and developed analytical expressions for the response of the wall to both harmonic and seismic excitation. Veletsos and Younan (1994) presented analytical solutions for the response of a semi-infinite, uniform viscoelastic soil medium. Their model with the assumption of no vertical stresses (σ y = 0) works well for a wall with a semi-infinite backfill, but the results are less satisfactory for a finite backfill. Veletsos et al. (1995) adopted the Arias et al. model in their analyses of rigid walls with backfills of finite length rather than the model with a more exact expression for shear stress used by Veletsos and Younan. A modified shear beam model that includes all previous models as special cases was developed and validated by Wu (1994) , Finn et al. (1994) , and Wu and Finn (1996) . The modified shear beam model is applicable to both finite and semi-infinite backfills. Analytical solutions have been developed for uniform elastic backfills and finite-element solutions for nonhomogeneous elastic and nonlinear backfills. The elastic analytical solutions have been validated by comparison with the exact solutions of Wood (1973) . Comparisons with the other approximate elastic solutions showed that the modified shear beam model gives results closer to the Wood solution over all ranges of significant variables (Wu 1994; Finn et al. 1994; Wu and Finn 1996) .
The ultimate objective of this paper is to present design charts for seismic thrusts against rigid walls under earthquake excitations for uniform and nonuniform soil backfills. A closed-form solution of the modified shear beam model has been used to compute the thrusts for uniform soil profiles. A finite-element program incorporating the modified shear beam model has been used to compute the dynamic thrusts for nonuniform soil profiles. To cover many variations of soil stiffness and seismic motion from site to site and earthquake to earthquake, 250 combinations of 10 different accelerograms and 25 different distributions of shear moduli are analysed for each soil profile. The various analyses are described in Table 1 . Peak seismic thrust ratios are presented as functions of the ratio of the predominant frequency of the earthquake motions to the fundamental frequency of the wall-soil system. An approximate procedure for estimating the latter frequency is given in the Appendix.
Thrust ratios at the upper bound and 84th percentile level are presented for use in the design of rigid walls under earthquake loading.
Analytical solutions for homogeneous soil backfills
The theory of the modified shear beam model and the different types of solutions can be found in Wu (1994) and Wu and Finn (1996) . Only the basic equations needed to understand the process for estimating the seismic pressures are presented herein. Figure 1a shows the geometry of the problem and the associated boundary conditions. A uniform elastic soil medium is confined by two vertical rigid walls and a rigid base. The soil layer has a total length of 2L and a height of H. When subjected to horizontal seismic motions, the soil medium in the system generates an antisymmetric field of horizontal normal stresses σ x with σ x = 0 at x = L. Therefore the original wall-soil problem can be represented more simply as shown in Fig. 1b . It is shown later that seismic pressures do not change for L / H ≥ 5.0. Therefore, L / H = 5.0 is taken as the boundary between finite and semi-infinite backfills. The input seismic motions are applied at the rigid base. Since the rigid walls are rigidly connected to the base, the motions of rigid walls are identical to the input seismic motion.
Analytical approximation of the problem
Initially, the soil is assumed to be a homogeneous, isotropic, viscoelastic solid with a mass density ρ, a shear modulus G, and Poisson's ratio µ. Damping of the soil is modelled by applying constant damping to all modes of the wall-soil system.
Only the predominant horizontal displacement, u, has been taken into account in the analysis in order to simplify the solution of the problem. It will be shown later that this simplification does not introduce significant error in the solution and that very reliable estimates of the seismic thrust can be obtained using the proposed simplified model. Displacement used in the solution is the relative displacement between the backfill and the rigid base during shaking.
The equation of motion of the backfill for forced vibration due to base acceleration ü b (t) is given by 
Using appropriate boundary conditions, the angular natural frequencies of the wall-soil system are found to be
The fundamental frequency ω 11 corresponding to m = 1 and n = 1 is
Using the method of separation of variables, the transient displacement u(x,y,t) in eq.
[2] is found to be
Where f mn (t) is a transient modal solution corresponding to the modal angular frequency ω mn , and α mn is the modeparticipation factor given by
Viscous damping of the wall-soil system is incorporated by using a modal damping ratio λ for each mode. In the case of damped forced vibration, the transient modal solution f mn (t) is obtained from the following equation:
and are the relative displacement, velocity, and acceleration of a single degree of freedom system with an angular frequency ω mn and damping ratio λ subjected to a base acceleration ü b (t).
Dynamic wall pressures
The dynamic pressure distribution along the wall is
The total dynamic thrust (Q(t)) acting on the wall is then given by integration of soil pressure over the height of the wall:
For a harmonic base acceleration ü b (t) = A max e iωt , the steady-state response f mn (t) is found from eq.
[10] to be
Static solution and model verification
A simple verification of the model is provided by examining the static solution corresponding to the case when the period of the harmonic base excitation becomes infinitely long. The static solution is obtained by applying a uniform horizontal acceleration ü b (t) = A max . The static thrust per unit length of the wall is
Static solutions for walls with L / H = 5.0 and L / H = 1.5 using the models described above were compared with the exact solutions of Wood (1973) by Wu (1994) , Finn et al. (1994) , and Wu and Finn (1996) . These evaluation studies show that the modified shear beam model gives the best approximation to solutions for rigid wall systems with both infinite and finite backfills (Fig. 2) .
Finite-element solutions for nonhomogeneous soil backfills
Nonhomogeneous soil backfills are modelled using the finite-element method. A six-node finite element (Fig. 3) which has six horizontal degrees of freedom is used to model the response of a soil element. The element has a quadratic variation of displacement u in the horizontal x direction and a linear variation in the vertical y direction. The finite-element mesh used in all analyses is shown in Fig. 4 .
The finite-element response is compared with the results from the closed-form solution for a homogenous soil backfill in Fig. 5 . The results of the two analyses are almost identical, confirming the accuracy of the finite-element representation. 
Pressures for design
The dynamic pressures are computed for three types of soil profile, namely uniform, linear, and parabolic variations in shear modulus, G, with depth. For the latter two cases, the shear moduli G are assumed to vary from zero at the ground surface to G soil at the bottom of the soil profile as shown in Fig. 6 . A Poisson's ratio of µ = 0.4 and a damping ratio of λ = 10% were used to establish the basic design curves. Additional analyses were conducted to study the effects of µ and λ on seismic pressures. The results of these analyses are presented later.
The seismic pressures are presented as a function of the fundamental frequencies of the wall-soil systems. These frequencies are computed directly during the analysis. However, to facilitate the use of design charts in practice, an approximate procedure for determining the fundamental frequencies is given in the Appendix.
Harmonic base excitation ü b (t) = A max e iwt
The peak dynamic thrusts at steady state for various combinations of L / H and soil profile were obtained using the modified shear beam model and are presented in Fig. 7 . The normalized thrust ratios (Q/ρH 2 A max ) are shown as functions of frequency ratios (ω/ω 11 ), in which ω represents the angular frequency of the excitation and ω 11 represents the fundamental angular frequency of the wall-soil system.
For backfills of uniform G, the static thrusts corresponding to infinitely low excitation frequency ω are 1.0 ρH 2 A max for L / H = 5.0 and 0.86 ρH 2 A max for L / H = 1.5. The dynamic thrusts increase as the excitation frequency approaches the fundamental frequency of the wall-soil system. At resonant conditions, the peak dynamic thrusts are 2.4 ρH 2 A max for L / H = 5.0 and 3.0 ρH 2 A max for L / H = 1.5, giving dynamic amplification factors of 2.4 for L / H = 5.0 and 3.5 for L / H = 1.5, respectively. The results suggest that the dynamic amplification for wall-soil systems with finite backfills is larger than that for wall-soil systems with semiinfinite backfills for harmonic excitation. For all cases under harmonic base excitation, the peak dynamic thrusts at steady state are quite consistent with the magnitude of the static thrust up to a frequency ratio ω/ω 11 = 0.5. This means that the static solution of Wood (1973) can be applied for estimating the peak dynamic thrusts under harmonic excitation for ω/ω 11 ≤ 0.5 as shown in Fig. 7 . However, as shown in later sections, the static solution of Wood may significantly underestimate the magnitude of dynamic thrusts under seismic loading for a frequency ratio ω/ω 11 > 0.2.
Seismic base excitation
Seismic base motions are represented by the 10 accelerations recorded during the earthquake events identified in Table 2. The time histories of the input accelerations are shown in Fig. 8 . These earthquake accelerations are selected to cover a range of shaking intensities and excitation frequencies. The predominant frequencies of each accelerogram cor- responding to peak spectral acceleration are given in Table 2 .
The peak seismic thrusts are computed for each soil profile (Fig. 6 ) under earthquake loads represented by the 10 accelerograms. For each soil profile, analyses were conducted with 25 different values of G soil to simulate the range of soil stiffnesses at different sites and the changes in shear moduli due to softening caused by dynamic shear strains.
Two hundred and fifty data points of peak seismic thrust ratios, Q max /ρA max H 2 , for backfills with L / H = 5.0 are shown in Figs. 9-11 for soil profiles of uniform G, parabolic G, and linear G, respectively. A upper bound curve and an 84th percentile curve for seismic thrust ratios are given in each figure. The static solution of Wood (1973) for a uniform backfill is shown in each figure because it is used in practice to estimate seismic thrust whether the backfill is uniform or not.
Analyses were also conducted to determine the seismic thrust ratios, Q max /ρA max H 2 , against rigid walls retaining backfills of finite length, represented by L / H = 3.0 and 1.5. The peak seismic thrust ratios for the L / H = 1.5 case are shown in Figs. 12-14 for the soil profile of uniform G, parabolic G, and linear G, respectively. The data points for the L / H = 3.0 case are not shown here because of space limitation.
The 84th percentile curves of peak seismic thrust ratios, Q max /ρA max H 2 , which are considered a suitable level for design are shown in Figs. 15-17 for backfills with L / H = 5.0, 3.0, and 1.5, respectively. For each L / H ratio, the 84th percentile curves for uniform G, parabolic G, and linear G are presented. The static solutions of Wood (1973) corresponding to the case of uniform G are also shown in Figs. 15-17. The heights of application of the seismic thrusts are shown in Fig. 18 . The heights of application are fairly constant over the entire range of ω/ω 11 ratio for each soil profile.
The following observations are made with respect to results presented in Figs. 9-18:
•The soil backfill with uniform G results in the largest seismic pressures, and the soil backfill with linear G results in the smallest seismic pressures.
•Dynamic amplification of seismic thrusts increases as the L / H ratio decreases from 5.0 to 1.5. The peak dynamic thrusts close to resonance (ω/ω 11 = 0.7 to 1.0) are greater for backfills with L / H = 1.5 than for backfills with L / H = 5.0, although the dynamic thrusts at a very low frequency ratio (ω/ω 11 ≤ 0.1) are lower for backfills with L / H = 1.5 than for backfills with L / H = 5.0.
•Seismic excitation results in significant dynamic amplification for a wider range of frequency ratios than does harmonic excitation.
•For the soil profile with uniform G considered by Wood (1973) , static thrusts from his analyses of harmonic motions are significantly lower than the peak dynamic thrusts due to earthquake excitation for frequency ratios between 0.2 and 2.0 but higher than the peak dynamic thrusts for frequency ratios greater than 2.0.
•The 84th percentile of the peak seismic thrusts against walls with semi-infinite backfills (L / H = 5) could reach 1.4 ρH 2 A max for a uniform modulus profile, 1.15 ρH 2 A max for a parabolic modulus profile, and 1.0 ρH 2 A max for a linear modulus profile.
•For backfills with L / H = 3.0, the 84th percentile of the peak seismic thrusts could reach 1.55 ρH 2 A max for a uniform modulus profile, 1.25 ρH 2 A max for a parabolic modulus profile, and 1.1 ρH 2 A max for a linear modulus profile. •For backfills with L / H = 1.5, the 84th percentile of the peak seismic thrusts could reach 1.6 ρH 2 A max for a uniform modulus profile, 1.3 ρH 2 A max for a parabolic modulus profile, and 1.2 ρH 2 A max for a linear modulus profile.
•The peak seismic thrust decreases significantly for frequency ratios ω/ω 11 > 2.0.
•The height of the resultant seismic thrust above the base of the wall varies from 0.5H for the linear modulus profile to 0.64H for the uniform modulus profile (Fig. 18) .
Effect of Poisson's ratio and damping ratio of soil backfill on seismic thrust
The results presented above were obtained using a Pois- son's ratio of µ = 0.4 and a damping ratio of λ = 10%. To study the effect of Poisson's ratio µ on seismic pressures, analyses were conducted using µ = 0.3 and 0.5 at an unchanged λ = 10%. The effect of damping ratio λ on seismic pressures was studied using λ = 5% and 20% at an unchanged µ = 0.4. These analyses were conducted using the parabolic modulus profile with L / H = 5.0. Analyses were conducted for 250 combinations of ground accelerations and distributions of shear moduli for each value of µ or λ. The 84th percentile curves for peak seismic thrust ratios are shown for each µ and λ.
The effect of µ on the 84th percentile seismic pressures is shown in Fig. 19 . In general, the seismic thrust ratios increase with increasing µ. The seismic thrust ratio corresponding to critical frequency ratios increases to 1.3 for µ = 0.5 from 1.15 for µ = 0.4 and decreases to 1.1 for µ = 0.3. The correction for µ between 0.3 and 0.5 on seismic pressures can be estimated by interpolation using the curves in Fig. 19 .
The effect of λ on the 84th percentile peak seismic pressures is shown in Fig. 20 . In general, the peak seismic thrust ratios increase with decreasing λ. The seismic thrust ratios corresponding to critical frequency ratios increased to 1.35 at λ = 5% from 1.15 at λ = 10%. The damping ratio λ has no effect on seismic thrust ratios at low frequency ratios (ω/ω 11 ≤ 0.1). The correction for λ between 5 and 20% on peak seismic pressures can be estimated by interpolating between the curves in Fig. 20 .
Application of the method to nonlinear problems
The application of the proposed method to nonlinear problems is illustrated by an example. The wall-soil system has a height H = 10 m with L / H = 5.0 and a soil profile with a parabolic distribution of shear modulus with depth. The shear modulus at the base of the soil profile is assumed to be G soil = 132 000 kPa corresponding to a shear wave velocity V s = 257.0 m/s. Mass density and Poisson's ratio are ρ = 2.0 and µ = 0.4, respectively. The input motion is the El Centro acceleration record, EQ1, as described in Table 2 , with a peak acceleration of A max = 3.43 m/s 2 . The analysis is first conducted using the design curves presented earlier and the approximate method for estimating the fundamental frequency of the soil-wall system. Since the response is elastic, the shear moduli of the soil profile are independent of the level of input acceleration. Hence the weighted average of shear modulus in the soil profile is G * = 0.67G soil = 88 000 kPa. The fundamental frequency of the system is estimated using eq. [A3] in the Appendix to be ω 11 = 37.86 rad/s. The ratio of the predominant frequency of the input motion to the fundamental frequency of the wall system is ω/ω 11 = 0.31. The peak seismic thrust against the wall is estimated to be Q max = 0.93 ρH 2 A max = 638 kN/m using the curve for parabolic G with L / H = 5.0 in Fig. 15 . The seismic shear strain generated by strong shaking of the backfill has two important effects due to the strain dependence of moduli and damping. It reduces the effective shear moduli in the backfill which leads to a change in the fundamental period of the soil-wall system and, hence, of the frequency ratio ω/ω 11 . It also increases the effective damping ratios which tends to reduce the seismic response. The distribution of effective moduli and damping ratios in the freefield in the backfill may be determined using equivalent linear analysis SHAKE (Schnabel et al. 1972) . These moduli and damping ratios are assumed to be reasonably representative of conditions near the wall.
The data on shear strain dependent shear moduli and damping ratios presented by Seed and Idriss (1970) 10.9, and 6.1%, respectively. The corresponding values of the damping ratio D/D max are given by 0. 018, 0.055, 0.073, 0.158, 0.073, 0.158, 0.275, 0.457, 0.579, 0.891, and 1.0, respectively (where D and D max are the current and maximum values of the damping in percent of critical damping).
In the SHAKE analysis a soil column of the backfill was divided into 10 layers, each with a thickness of 1.0 m. The distributions of shear moduli with depth compatible with the level of shaking showed a rather uniform distribution of reduced shear moduli with depth. The values of the reduced shear moduli from the top layer to the bottom layer are 30 096, 29 807, 29 952, 30 048, 29 471, 29 615, 30 481, 31 154, 31 971 , and 32 692 kPa. The weighted average of shear modulus G * = 30 529 kPa. The average damping ratio of the soil column was λ = 16.2%.
Equation [A1] in the Appendix is used for computing the fundamental frequency of the wall-soil system having rather uniform distribution of shear moduli with depth. The estimated fundamental frequency is ω 11 = 20.65 rad/s, and the frequency ratio is ω/ω 11 = 0.56. The 84th percentile seismic thrust against the wall is estimated at λ = 10% to be Q max = 1.36 ρH 2 A max using the curve for uniform G with L / H = 5.0 in Fig. 15 . The peak seismic thrust ratio is modified to Q max = 1.25 ρH 2 A max = 858 kN/m after considering the effect of λ = 16.2% on seismic thrust using Fig. 20 .
In this example, seismic thrust obtained from an equivalent linear analysis is 34% higher than that obtained from a linear elastic analysis. The effect of soil nonlinearity may not always increase the magnitude of seismic thrust. It depends on the combination of initial soil conditions and the level and frequency of the input motion. However, this result certainly illustrates the importance of soil nonlinearity in the evaluation of seismic thrust and the potential danger in ignoring it. The distribution of shear modulus with depth from an equivalent linear analysis may not always be fairly uniform as in the example. For an irregular distribution of shear modulus with depth, judgement may be required in deciding the most appropriate equivalent modulus profile for use with the design curves.
Conclusions and discussion
An approximate method based on a modified shear beam model (Wu 1994; Finn et al. 1994; Wu and Finn 1996) has been used to develop charts of seismic thrusts against rigid walls for design. Peak dynamic thrusts were determined for three different soil profiles subjected to earthquake shaking. For each profile, 250 combinations of ground accelerations and distributions of soil shear moduli with depth were analysed to provide data points of peak seismic thrust ratios for the construction of design envelopes. The following are the principal results of the study.
•Design charts are presented which give upper bound and 84th percentile levels of seismic thrusts against rigid walls. These charts are based on elastic analyses with 10 different earthquake motions and 25 different moduli values for each of three different distributions of modulus with depth, namely uniform, parabolic, and linear.
•Elastic analyses for seismic thrusts were conducted with modal damping ratio λ = 10% and Poisson's ratio µ = 0.4. Curves were developed for λ = 20% and 5% to allow correction for damping ratios between 5 and 20% by interpolation. Curves were developed for µ = 0.3 and 0.5 to allow correc- tion for Poisson's ratio between 0.3 and 0.5 by interpolation.
•The design seismic thrusts are given as functions of the fundamental frequency of the soil-wall system. An approximate method is given for estimating the frequency.
•Nonlinear behaviour results in reduced modulus and increased damping. The reduction in modulus affects the fundamental frequency of the wall-soil system. The effective reduced modulus and effective increased damping ratio may be estimated by a SHAKE analysis of the backfill. In this way, the effect of nonlinearity may be taken into account.
•Nonlinear response can result in increased seismic thrust against rigid walls.
•The static solution of Wood (1973) , often used in practice, has a more limited range of applicability than previously considered for seismic excitation. It appears to be valid for ω/ω 11 < 0.2. It underestimates seismic thrusts as the fundamental period of the wall-soil system approaches the predominant period of the earthquake motions and overestimates the seismic thrust for ω/ω 11 > 2.0.
•The height of the resultant seismic thrust above the base of the wall varies from 0.5H for the linear G profile to 0.64H for the uniform G profile (Fig. 18) .
The design envelopes were obtained under linear elastic conditions with 10% model damping. They can be extended for use under conditions of nonlinear response under strong shaking. This requires estimating the reduced shear moduli and increased damping ratios compatible with the seismic shear strains using a SHAKE analysis (Schnabel et al. 1972) . The seismic design curves may then be used to estimate the seismic thrust ratio by using the fundamental frequency of the wall-soil system ω 11 corresponding to the reduced shear moduli and correcting for the actual level of strain-compatible damping. is gratefully acknowledged. The authors thank the reviewers for their constructive comments, which significantly improved the range of applicability of the results.
where G i is shear modulus in the ith layer of thickness h i . For a parabolic soil profile with G soil at a depth H, G * = 0.67G soil is obtained; for a linear soil profile, G * = 0.5G soil is obtained.
The accuracy is improved by the introduction of a correction factor R f , which ranges from 0.97 to 1.08 as L / H ranges from 1.5 to 5.0. In practice this correction is not necessary.
For nonhomogeneous soil profiles, the fundamental frequencies ω 11 of wall-soil systems may be estimated for practical purposes from eq. [A1] with G replaced by G * and a correction factor R f .
[A3] ω π ρ 
